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Abstract This paper investigates the potential and
nonlinear dynamics of an inertial energy harvester
based on a horizontal axis flywheel enclosed in a
floating hull. Two numerical modeling approaches
are presented and compared, namely a block-based
model and an analytical Lagrangianmodel using quasi-
coordinates. The free (unloaded) response to exter-
nal excitation is first analyzed to qualify the type of
response of the system, especially focusing on the oper-
ational regions that may lead to periodic or chaotic
response, and quantify the related potential for energy
extraction. Secondly, the effect of the action of energy
conversion is considered via the inclusion of a slowly
variable power take-off damping, particularly evaluat-
ing if and how it undermines the underlying potential
of the unloaded system; regimes of oscillation, rota-
tion, and chaos are particularly highlighted, consid-
ering their effectiveness for power production. Peri-
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odic rotational solutions are the most promising for
energy harvesting and are achievable for a wide range
of excitation conditions; however, the sensitivity of
optimal parameters and abrupt changes of performance
between periodic and chaotic regions pose a challenge,
calling for robust optimization design and optimal con-
trol.
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1 Introduction

The increasing global energy demand poses a signif-
icant challenge to the sustainability of current energy
systems, largely based on fossil fuels [1]. This scenario
has accelerated efforts to transition toward renewable
energy sources that can ensure energy security, reduce
environmental impacts, and support long-term sustain-
ability goals [2]. Among the various renewable energy
options, wave energy is particularly promising due to
its vast, yet underexploited, potential [3]. Since oceans
cover a major part of the Earth’s surface, the continu-
ous motion of waves represents a considerable source
of energy that could play a key role in diversifying the
global energy mix [4,5]. In comparison to solar and
wind energy, wave energy offers higher predictability
and energy density, making it a particularly attractive
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option for consistent and reliable renewable power gen-
eration [6].

Wave energy converters (WECs) are an essential
tool to harvest ocean wave energy; they are designed
to capture the kinetic energy of waves and trans-
form it into electricity [7]. WECs are typically catego-
rized as oscillating water columns [8], point absorbers
[6,9], and attenuators [10], each with unique mecha-
nisms for energy extraction and conversion [7]. Cur-
rent research in WEC technology emphasizes improv-
ing energy capture efficiency, enhancing durability in
harsh marine environments, and reducing costs [11] to
enable broader deployment [12].

This paper focuses on the inertial class of WECs,
which has the main benefit of no moving parts in con-
tact with seawater, providing a significant advantage
in harsh marine environments. Passive inertial WECs
typically operate based on the pendulum principle [13],
as exemplified by devices such as the PeWEC [14],
the SEAREV [15], and the AMOG [6]. Alternatively,
some systems rely on a sliding mass that interacts iner-
tiallywith a floating structure, such as theVIWEC [16],
which features a vertical sliding mass enclosed within
a hull, or the E-device [17], which employs a mass
sliding along a horizontal plane. Another option for
the inertial mechanical coupling is to exploit the gyro-
scope effect of a flywheel rotating around a vertical axis
[18–20]: the gyroscopic effect provides the mechani-
cal coupling, while the vertical axis of the flywheel
naturally guarantees a gravitational restoring torque.
Such systems, both passive and active, have the com-
mon likely drawback of being highly sensitive to the
direction of wave propagation [21]; to overcome this
limitation, some inertialWECs have incorporatedmore
complex mechanisms to exploit multiple degrees of
freedoms (DoFs) [22]. In fact, the severity of direction-
ality (either wave spreading or mean wave direction) is
substantial: [23] quantifies the effect of wave spreading
from 10% to 20% on the estimation of productivity for
a submerged point absorber, while [24] quantifies up
to 50% overestimation caused by neglecting the wave
direction for a prismatic inertial device. Finally, consid-
ering a vertical-axis gyroscope-based WEC, [25] esti-
mates that rendering the device in-sensitive to the wave
direction leads to increases between 19.5% and 39.7%
of productivity, depending on the installation site.

This paper proposes an implementation of a
gyroscope-based WEC with a horizontal axis of rota-
tion, such that it is insensitive to the direction of propa-

Fig. 1 Schematic representation of the vertical-axis gyroscopic
system: The green structure is fixed on the floating hull and has
the role of holding the yellow gimbal and a pink power take-off
system on the precession axis; the role of the PTO is to convert
mechanical energy to electricity, while the role of the gimbal is
to hold the red flywheel, which is kept in rotation by the dark
blue flywheel motor on the polar axis; the light blue pendulum
mass has the role to avoid the lock-in of the gimbal

gation of the incoming wave. Rotary energy harvesters
have been extensively studied for various applications
[26]; the concept offers scalability, potentially adapt-
able to various power requirements and wave climate
conditions, making it a versatile approach for wave
energy harvesting [27].

The proposed system is a horizontal axis flywheel
WEC, shown inFig. 1, consisting of a flywheel attached
to a gimbal, with an eccentric mass to provide restoring
stiffness, otherwise missing [28]. The system is subject
to a based excitation, simulating the referenced floater
motion, activated by the wave impact. The main objec-
tive of this study is to analyze the system dynamics,
aiming to identify stable motion regimes, their advan-
tages and drawbacks for energy harvesting, and eval-
uate the system’s robustness against parameter varia-
tions. Similar nonlinear oscillations, subharmonic and
chaotic regimes can also be observed in other energy
harvesting mechanisms in the literature [29]. Results
in this paper reveal an intricate alternation of rotary,
periodic and chaotic motions, depending on the sys-
tem parameters and wave excitation characteristics.
Achieving stable rotary motion seems to be crucial for
maximizing energy harvesting, which requires careful
system’s parameters tuning.

The remaining part of the paper is organized as fol-
lows. Sect. 2 describes the working principle of the
system. Sect. 3 introduces the mechanical model and
derives equations governing its dynamics, both through
analytical methods and multi-body software. Sect. 4
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presents the results of the numerical investigation and
discusses their implications. Finally, Sect. 5 summa-
rizes the study’s conclusions, highlighting the advan-
tages and limitations of the proposed system, and out-
lining possible future developments.

2 Working Principle of the Mechanism

Inertial energy harvester exploit the mechanical cou-
pling between a relatively heavy object and its enclos-
ing hull: as the floater moves subject to external excita-
tion, the inner mass reacts and drives a power take-off
(PTO) system [30]. Such a mechanical coupling can be
passive or active. Passive coupling refers to a condition
where no energy is required to activate the coupling,
which therefore exists thanks only to the inherent iner-
tial properties of the reacting mass; this is the case of
pendulum-based harvesters. On the other hand, active
coupling refers to a condition where energy is required
to activate the coupling; this is the case of flywheels,
which activate the gyroscopic effect via their rotational
momentum. Such losses are mainly due to friction at
the bearings and aerodynamic friction at the surface of
the spinning flywheel [31]; the intensity of the losses
depends on the mechanical configuration (e.g., bear-
ing diameters, inter-axis), the spinning rotation of the
flywheel, and the optional presence of a vacuum cham-
ber surrounding the flywheel to reduce the net pressure
[31].

State of the art gyroscope-based systems for WECs
are typically using a flywheel with vertical axis [19,
22]. One of the main disadvantage of such systems is
the sensitivity to the wave direction and the spreading
factor of the incoming excitation wave [22,32]; in fact,
a vertical-axis flywheel has a PTO on the horizontal
axis: only wave traveling parallel to the PTO axis have
the potential to fully excite the system, while energy
fromor spreadover different directions is not efficiently
intercepted. To counter this major limitation, this paper
proposes a flywheel with horizontal axis, such that the
PTO is installed on a vertical axis.

Figure 1 shows the schematic representation of the
inner mechanism, which is fixed upon the floating hull
through the green structure. Let us consider, for sim-
plicity, unidirectional waves: when the incoming wave
reaches the floating hull, it rotates about an axis perpen-
dicular to the wave propagation; thus, also the floater-
referenced structure rotates along with the hull. If such

a rotation is not parallel to the flywheel motor axis
(polar axis), then a gyroscopic torque is generated on
the PTOaxis (precession axis), thus extractingmechan-
ical energy. If the floater’s rotation is parallel to the
polar axis, no gyroscopic torque exists and there may
be a lock-in phenomenon; to avoid this, a pendulum
mass is also included: a hull rotation parallel (but not
coincident) with the polar axis would make the gimbal
rotate due to an unbalanced pendulum mass, thus mak-
ing the polar axis rotate and become incident with the
hull’s rotation.

A potential drawback of the system is the absence of
an equilibrium position of the gimbal when the floater
is at rest, nor a natural period of the precession axis, due
to the absence of a restoring element. This may induce
complex dynamics, potentially not convenient for prac-
tical implementation as energy harvester. Therefore,
the focus of this paper is to study the dynamics of
the system, with and without energy extraction at the
PTO system, with the specific pragmatic perspective
of energy harvesting. The inertial properties have been
chosen based on existing gyroscope-basedWECs [22],
and are tabulated in Table 1. A small friction damping
(2 · 103 Nmrad/s) is also included on the PTO axis, to
avoid unrealistic chaos with little practical meaning.
This friction also encompasses bearings and aerody-
namic losses, which are not modeled explicitly; such
losses are relatively small during steady-state opera-
tions, when the flywheel speed is constant [31].

It is worth noting that the simplified assumption
of unidirectional waves is employed in this paper for
clarity in analyzing the fundamental nonlinear dynam-
ics and potential for energy harvesting. However, real
ocean environments are characterized by complexmul-
tidirectional wave spectra. While a full analysis of
multidirectional wave interaction is beyond the scope
of this paper, the proposed horizontal-axis flywheel
configuration is inherently designed to mitigate the
directional sensitivity observed in traditional vertical-
axis gyroscopic WECs. By having the Power Take-Off
(PTO) system installed on a vertical axis, the device
aims to efficiently intercept energy regardless of the
incoming wave direction. Future work will investi-
gate the system’s performance and dynamic behavior
under more realistic multidirectional wave conditions,
potentially through advanced numerical modeling that
incorporates wave-structure interaction and directional
spreading.
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Table 1 Physical parameters of the system:mass (m) and inertia
(I ) of each body around its respective center of gravity

Body Property Value Unit

Flywheel m f 7439 kg

I fx 1303.88 kg m2

I fy 1113.04 kg m2

I fz 1113.04 kg m2

Gimbal ms 3969 kg

Isx 2852.39 kg m2

Isy 5320.31 kg m2

Isz 2525.21 kg m2

Pendulum mass mp 120 kg

Ipx 2.725 kg m2

Ipy 2.9 kg m2

Ipz 0.625 kg m2

3 Analytical Model Computation

This section presents the methodology for deriving
the equation of motion that governs the dynamics of
the gyroscope system with respect to its precession
axis. The approach begins with the definition of the
kinematic elements of the system and progresses to
the application of Lagrange’s equations. The resulting
dynamicmodel captures the response of the gyroscope,
influenced primarily by externally imposed motion,
leading to a series of parametric excitations. A similar
implementation of this analytical model has been pre-
liminarily validated through experimental testing [33],
considering an alternative gyroscope-based mecha-
nism, thus building confidence on the validity of the
numerical approach; a targeted experimental validation
for the very system proposed in this paper is beyond the
scope of work. However, an equivalent Simscape (Mat-
lab Simulink) model is also defined, in order to cross-
verify the implementation of the analyticalmodel. Note
that the Simscape model, which implements a block-
oriented modeling approach, is virtually equivalent to
the analytical model; however, the analytical approach
provides several advantages, on top of the higher com-
putational efficiency, as elaborated hereafter.

Firstly, the analytical model is more transparent and
is able to provide valuable insights into dominant phys-
ical phenomena. Moreover, it enables the derivation of
both linear and intermediate nonlinear approximations
[34], which are essential for design techniques, such

as optimization methods, particularly adopted in the
design of WEC systems [16] and sophisticated control
strategies [35,36] aimed at maximizing the extracted
power. These methodologies often rely on the ana-
lytical formulation, with the choice of the specific
modeling approach depending on the selected design
strategy. A linear model offers a computationally effi-
cient framework for optimization purposes and enables
the application of Linear Time-Invariant (LTI) control
strategies [37,38]. However, for design requirements
demandinghigher accuracy, a partially nonlinearmodel
proves more suitable, as it allows for nonlinear control
strategies [39] and refined system design [40,41]. This
approach strikes a balance between computational effi-
ciency and model accuracy, making it more practical
than a fully nonlinear representation. All the method-
ologies mentioned are not directly compatible with
the Simscape simulation, which represents the system
dynamics as a black box and requires the computation
of an analytical model.

3.1 Kinematic representation

This section derives the fundamental nonlinear math-
ematical model governing the dynamics of a vertical-
axis gyroscopic system. In particular, the gyroscope is
externally actuated through a structure referenced to as
platform. In detail, the gyroscope systemcanbe decom-
posed into three main bodies: the flywheel, the gimbal,
and the pendulum system. The flywheel, whose spin-
ning velocity (ϕ̇) is constant and user-defined, induces
the rotation of the gimbal around the precession axis by
an angle ε : t �→ ε ∈ R due to the gyroscopic effect.
This effect is generated by the interaction between the
flywheel’s rotational velocity and the platform’s rota-
tional motion. The pendulummass prevents the system
from locking by introducing a reactive component.

As relative motion between the referenced structure
and the mechanism occurs during operation, a suitable
set of reference frames is introduced [42], as detailed
in Fig. 2. They can be described as follows:

• R(OXY Z): the inertial reference frame;
• R(O′xyz): the frame fixed to the floater-referenced
structure, with the x-axis alignedwith the incoming
wave direction;

• R(G�HZ): the frame parallel toR(O′xyz), trans-
lated by the vector r0 ∈ R

3, defined as r0 =
[x0 y0 z0]T, from the floater-referenced structure
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Fig. 2 Schematic representation of the frames of reference to
describe the vertical-axis gyroscopic system

to the center of gravity (CoG) of the conversion
unit;

• R(Gξηζ ): the gimbal-fixed reference frame, which
follows the gyroscope precession motion.

Although the referenced structure can be externally
excited over a complete set of DoFs, both linear and
angular, as introduced in [42], in this work, the deriva-
tion of the analytical equations is restricted to the para-
metric excitation induced exclusively on the angular
DoF, referenced to R(O′xyz). For this purpose, we
define the vector � ∈ R

3 of generalized coordinates
related to the platform

� = [
δ θ ψ

]T
,

where δ : t �→ δ ∈ R, θ : t �→ θ ∈ R, and ψ : t �→
ψ ∈ R represent the externally induced roll, pitch, and
yaw rotations, respectively.

With the reference frames defined above, we derive
the nonlinear equation of motion, linked to the gyro-
scope DoF ε in terms of quasi-coordinates (see, e.g.,
[43,44]), allowing us to map the external excitation
motion� referenced toR(O′xyz) onto the gyroscope-
fixed reference frame R(Gξηζ ). The vector of quasi-
coordinates in the mapping from R(O′xyz) �→
R(Gξηζ ), is defined as �T : t �→ �T ∈ R

3, with

�T = R(ε, ζ̂ )TD�̇, (1)

where R(ε, ζ̂ ) denotes the rotation matrix of angle ε

with respect to the unit vector ζ̂ along the ζ -axis, and

D ∈ R
3×3 is the inverse of the analytical Jacobian

matrix, as defined in [45]. Moreover, since a linear
velocity is induced in a rigid body when motion occurs
around an axis different from the referenced rotation
axis, inR(Gξηζ ) it can be expressed as follows:

VT = −R(ε, ζ̂ )Tr̃01D�̇, (2)

Thus, the total velocity �G : t �→ �G ∈ R
3, defined

as �G = [�ξ �η �ζ ]T, links the mapped platform
velocity inR(Gξηζ ) to the proper velocity of the gyro-
scope, ε̇, while the linear velocity remains invariant:

[
VG
�G

]
=

[−R(ε, ξ̂ )Tr̃ D 0
R(ε, ξ̂ )TD Ĩ

] [
�̇

ε̇

]
, (3)

where Ĩ = [0 0 1]T incorporates the precession
velocity into the angular velocity component related
to the precession axis unit vector ζ̂ .

All excitation components related to the prescribed
platformmotion are defined in the gyroscope reference
frame. Now, we can define the proper velocity for each
discrete body: the flywheel, pendulum, and gimbal. For
the latter, the entire velocity vector corresponds to the
velocity defined inEquation (3).While for theflywheel,
an additional velocity component corresponding to its
own rotation must be considered. The components of
the total flywheel velocity�F = [�ξ ′ �η′ �ζ ′ ]T are
given by:

�ξ ′ = �ξ , �η′ = �η, �ζ ′ = �ζ + ϕ̇, (4)

where ϕ̇ accounts for the flywheel rotation, which is
superimposed on themappedvelocity in the gyroscope-
fixed frame.

The total velocity vector of the pendulum, character-
ized by its linear velocity VP ∈ R

3 and angular veloc-
ity �P ∈ R

3, defined in the reference frameR(Gξηζ )

and based on the arm position vector with respect to
the precession axis l0 = [l p 0 0]T, is
[
VP

�P

]
=

[
I3 −l̃02

0 I3

] [
VG
�G

]
. (5)

1 the r̃0 marks the skew-symmetric matrix associated with the
r0 vector.
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The system’s position is expressed with respect to the
inertial frame using the position vector pm ∈ R

3,
defined as:

pm = T 1T 2l0, (6)

while the position of the flywheel and gimbal, sharing
the same CoG, is given by:

pg = T 1r0, (7)

where the roto-translation matrices T 1 and T 2 are
defined as:

T 1 =

⎡

⎢⎢
⎣
C

⎡

⎣
x
y
z

⎤

⎦

0 1

⎤

⎥⎥
⎦ , T 2 =

⎡

⎢⎢
⎣
R(ε, ξ̂ )

⎡

⎣
x0
y0
z0

⎤

⎦

0 1

⎤

⎥⎥
⎦ . (8)

Here, C is defined as the composition of rotation
matrices, according to the roll, pitch and yaw conven-
tion:

C = R(ψ, ẑ)R(ϑ, ŷ)R(δ, x̂). (9)

3.2 Lagrange Approach for Quasi-Coordinates

With the kinematic description of the gyroscope system
and the detailed velocity andpositionof eachgyroscope
component, as presented in Sect. 3.1, it is now possible
to define the kinetic and potential energy of the sys-
tem to derive the equations of motion using Lagrange’s
equations [46]. The extrapolated Lagrange equation for
quasi-coordinates, related to the precession axis DoF,
can be expressed as follows:

d

dt

(
∂T
∂ωζ

)
− ωη

∂T
∂ωξ

+ ωξ

∂T
∂ωη

−vη

∂T
∂vξ

− vξ

∂T
∂vη

+ ∂U
∂ε

= fpto + ffric (10)

where T (�G) ∈ R and U(�) ∈ R represent the sys-
tem’s kinetic and potential energy, respectively (the
reader can refer to [42] for further details on the deriva-
tion of the kinetic and potential energy of the sys-
tem). The term fpto is introduced to describe the PTO

2 the l̃0 marks the skew-symmetric matrix associated with the l0
vector.

dynamic action during the power extraction process.
Specifically, the PTO control torque is defined in terms
of the following passive parametric expression:

fpto = −cPT O ε̇, (11)

where cPT O ∈ R
+ is the control parameter of the PTO

system, optimized to maximize energy extraction effi-
ciency based on the frequency ofwave excitation forces
[47,48]. The application of such force is directly related
to the extracted mechanical power Pa ∈ R

−, defined
as Pa = fptoε̇.

The term ffric : t �→ ffric ∈ R represents the fric-
tion force acting on the PTO axis. Due to the coupling
mechanism and generator, it is modeled as a simple
viscous effect with the viscous parameter c f ∈ R

+,
leading to ffric = c f ε̇. Thus, the dynamic model of the
gyroscope system is given by:

Iζ ω̇ζ + mplp v̇η + (Iη − Iξ )ωηωξ − I fx ϕ̇ωη

−mplpvζ ωξ + mplpvξωζ = fpto + ffric, (12)

where the introduced inertial elements are hereafter
defined:

Iξ = Isx + I fx + Ipx ,

Iη = Isy + I fy + Ipy + mpl
2
p,

Iζ = Isz + I fz + Ipz + mpl
2
p.

(13)

Note that Equation (12) is a nonlinear equation
expressed in terms of quasi-coordinates, retained in this
form for brevity but easily transformable into the gen-
eralized coordinate space using the relation provided
in Sect. 3.1. The resulting equation is nonlinear and
exhibits both parametric excitation and self-excitation
effects [49].

The complete definition of the system dynamics
depends on the modes of motion induced by the plat-
form. Tomaintain generality, the formulation considers
prescribed roll, pitch, andyawmotions as possible exci-
tations. However, for simplicity, since the focus is on
analyzing the nonlinear behavior of the gyroscope, the
yaw mode is entirely neglected. The upcoming anal-
ysis prioritizes pitch motion, as it predominantly acti-
vates gyroscopic dynamics and is often coupled with
roll motion for completeness.
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Fig. 3 A Simscape block diagram model for nonlinear simula-
tion, highlighting the block types through different colors: light
orange represents the joint elements, red denotes blocks contain-

ing the input signals, green indicates output signals, blue repre-
sents the rigid block system, and grey corresponds to the bodies
included for visualization purposes

3.3 Block-Based Modeling

This sectionpresents the benchmarkblock-basedmodel,
used for the verification of the analytical model:
the Simscape simulation employs a block diagram
approach to intuitively replicate the multibody dynam-
ics of the gyroscopic system. The reader can refer
to Fig. 3 for the corresponding block diagram [50].
This diagram provides a detailed representation of the
simulation architecture of a vertical-axis gyroscope,
illustrating the interaction between input-output sig-
nals, mechanical components, and control elements. To
enhance readability, color-coded elements are used to
differentiate system components: yellow for functional
joints, red for input signals, green for output signals,
and blue for rigid bodies.

The dynamics of the gyroscope system depend on
its architectural configuration. Referring to Fig. 3,
the system consists of three key rigid-body compo-
nents, highlighted in blue: the flywheel, the pendulum
mass, and the gimbal, all of which are interconnected
through frame transformation blocks to ensure coor-
dinated motion and structural integrity. The flywheel,
modeled as a rigid body, serves as the primary source of
angular momentum, maintaining its rotational energy.
It is connected via a revolute joint that governs its axis

of rotation, receiving controlled input signals such as
its angular velocity ϕ̇, which remains constant through-
out the simulation to ensure stability and consistency
in the modeled behavior.

4 Results

Results are articulated in this section, building towards
a robust understandingof theprimarynonlinear dynam-
ics of the mechanism under consideration in this paper,
with a particular emphasis on its potential applications
inmechanical energy harvesting. The foundation of this
study is built upon validating the mathematical mod-
els employed; to do so, Sect. 4.1 articulates a code-to-
code comparison between the fully-nonlinear block-
based Simscape model and the analytical Lagrangian
model, considering both fully-nonlinear and linearized
versions: consistency under compatible conditions will
affirm the correctness of the numerical implementation,
while discrepancies observed under conditions beyond
the underlying assumptions will provide quantitative
insights into the applicability and limitations of each
model.

Following the code-to-code comparison, the fully-
nonlinear model is adopted to pursue the analysis of the
key nonlinear phenomena of interest. Firstly, Sect. 4.2
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explores the free response of the system subject to
external forcing, i.e. how the dynamics of the gimbal-
flywheel assembly evolve without any energy extrac-
tion (undamped or unloaded response); this draws the
boundaries of the potential for energy extraction, build-
ing upon the inherent nonlinear dynamics of the inertial
mechanical system. Secondly, the damping action of a
PTO system is introduced in Sect. 4.3: such a signifi-
cant power dissipation, strictly required for the primary
objective of energy harvesting, is quantitatively stud-
ied to evaluate if and how it undermines the underlying
potential determined by the unloaded response of the
system.

It is worth remarking that, since the objective of this
paper is to study the nonlinear dynamics and potential
of the inertial mechanism, the initial source of mechan-
ical energy inducing the motion is neglected; therefore,
the mechanical coupling between the gimbal-flywheel
assembly and the outside world is not modeled. As a
consequence, all of the results inSect. 4 are producedby
prescribing a given motion to the structure hosting the
gimbal. This assumption is convenient and appropriate
for the purposes of this study, since it enables a straight-
forward inference of causality between the prescribed
kinematics and the nonlinear response of the inertial
system. However, it is to be remarked that conclusions
about resonance behavior or chaotic transition may, in
principle, be affected by the wave-structure. Nonethe-
less, it can be expected that the overall observed dynam-
ics remains qualitatively the same, despite the fluid-
structure coupling is neglected; this is a reasonable
assumption, based on the fact that the inertia of the
hosting hull is usually relatively large and thus it is
mostly affected by the wave forcing, rather than the
inner mechanism. This expectation is consistent with
available results in the literature, such as [14] for a pen-
dulum inside a floating hull. Still, it is acknowledged
that future studies, beyond the scope of this paper, are
required to quantitatively address this topic.

4.1 Verification of the Numerical Models

The fully-nonlinear analytical model from Sect. 3.2
is compared to the block-based Simscape model from
Sect. 3.3. In theSimscapemodel, the prescribed roll and
pitch signals, δ and θ , along with their derivatives, are
fed into a dedicated multi-DoF rotational joint, which,
in conjunction with the hull block, replicates the pre-

scribed motion imposed to the platform. This excita-
tion parametrically influences the connected mecha-
nism, triggering the gyroscopic effect through the rev-
olute joint, which enables the sensing of the rotational
motion ε. The joint is actively controlled via a dedi-
cated actuation mechanism, where a proportional gain
parameter, cPT O , is applied to modulate the angular
velocity, ensuring precise dynamic response and sta-
bility, as well as cv to model the dissipative term due
to the friction.

Initially, the system was simulated by exciting
the gyroscope-connected platform with a prescribed
pitch motion, directly triggering the gyroscopic effect.
Specifically, the pitch excitation signal θtest : t �→
θtest ∈ R follows a harmonic function with an exci-
tation frequency of ωr = 1 rad/s, which falls within
the system’s operational range. The excitation signal is
defined as:

θtest = θa cosωr t (14)

where θa ∈ R
+ represents the amplitude of the har-

monic signal, defined as θa = 8◦ for this test. More-
over, the flywheel angular velocity is set to ϕ̇ = 100
rad/s, while the viscous friction parameter is assigned a
value of c f = 2000 Nms/rad, considering a simulation
time of Tsim = 140 s.

Figure 4 shows that the two models exhibit a perfect
match in terms of both angular velocity and power.
In particular, several values of cPT O values are con-
sidered to compare the pendulum dynamics in both
uncontrolled conditions and under reasonable damp-
ing parameters, acting as a control mechanism during
the system’s operational phase. On the right side of
Fig. 4, the phase diagram is plotted to highlight the
nonlinear nature of the results. For the case of pitch
motion alone, varying the damping parameter results in
distinct dynamical behaviors. The phase portraits illus-
trate three different regimes: a chaotic response char-
acterized by a complex and non-repetitive trajectory,
a harmonic oscillatory motion with well-defined peri-
odicity, and a signal exhibiting multiple subharmonics
with different return periods. These variations highlight
the influence of damping on the system’s stability and
periodicity.

Figure 5 presents a comparison between the analyt-
ical model, considering both pitch and roll as exter-
nal excitation motions, and the Simscape model. An
equivalent harmonic roll signal, δtest : t �→ δtest ∈ R,

123



Nonlinear dynamics and potential of an energy harvester based on a horizontal axis flywheel

Fig. 4 Analyticalmodel validation through the Simscapemodel,
illustrating the precession velocity (top-left), the corresponding
power (bottom-left), and the phase plot (right) for various PTO
control parameters cpto, simulating the pitch parametric excita-

tion. The space plots on the right show the following dynamical
regimes: chaotic (top), rotational (center), and oscillatory (bot-
tom)

Fig. 5 Analyticalmodel validation through the Simscapemodel,
illustrating the precession velocity (top-left), the corresponding
power (bottom-left), and the phase plot (right) for various PTO

control parameters cPTO, simulating the pitch and roll parametric
excitation. All phase plots show periodic oscillatory regimes
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is defined similarly to Equation (14), with an ampli-
tude of δa = 8◦. The figure illustrates a perfect match
between the two models in terms of angular veloc-
ity and power for the prescribed control parameter
value, cPT O . The phase portraits highlight the influ-
ence of damping on pitch motion dynamics, revealing
a progressive reduction of higher-order harmonics. The
first and second plots display a period-1 response with
multiple harmonics. The third plot exhibits a subhar-
monic response, where nonlinear effects induce multi-
periodicity. This analysis demonstrates how increasing
damping simplifies the system’s oscillatory behavior by
gradually eliminating higher-frequency components,
leading to a more regular dynamic response. Note that,
as confirmed by the phase portraits in Fig. 4 and 5, the
analytical model remains valid and consistent with the
Simscape simulation even when the gyroscopic rota-
tion exceeds π or completes a full turn, fully entering
the nonlinear operating region. This demonstrates that
the analytical formulation accurately captures the sys-
tem’s dynamics across the entire operating range, from
small to large oscillations, and remains reliable beyond
the small-oscillation regime.

4.1.1 Analysis on the linear system dynamics

The comparison between the full nonlinear model, as
expressed in (12), and its linear counterpart is illus-
trated in Fig. 6. For this comparison, both exclusive
pitch excitation and the simultaneous excitationof pitch
and roll parameters are considered. Despite the specific
nature of the imposed motion–whether in roll or pitch–
the system’s linear form retains a common harmonic
structure. This can be understood from the formula-
tion of the gyroscope’s linear equation, which can be
expressed as a second-order linear differential equa-
tion. The linearized expression, obtained through Jaco-
bian linearization under the assumption of small rota-
tion angles, is given by:

Iζ ε̈−mplpz0δ̈ − I fx ϕ̇θ̇ +mplpgδ + ffric = fpto, (15)

where this formulation highlights the dynamics influ-
enced by pitch velocity, which activates the gyroscopic
effect when the flywheel velocity is nonzero, as well as
the reactive coupling with roll motion, which engages
the pendulum mass.

Unlike its nonlinear counterpart, this equation fea-
tures a single-harmonic excitation. In contrast to the

nonlinear formulation, the linear counterpart does not
exhibit parametric excitation but instead presents an
explicit forcing term. Consequently, it can be rewrit-
ten in the canonical form of a damped, forced linear
oscillator, as descibed in [51]:

Iζ ε̈ + c f ε̇ = Ā cos(ωr t) + B̄ sin(ωr t), (16)

where the excitation amplitudes are given by:

Ā = I fx ϕ̇θaωr , B̄ = −mplpδa(z0ω
2
r + g). (17)

From the perspective of linear system theory, the
equilibrium point of this system is at the origin (ε = 0),
and its stability properties are determined by the coeffi-
cient c f , which characterizes the damping effect.While
the non-linear counterpart indicates that, for small
perturbations, the system closely resembles its lin-
ear approximation. However, when considering wider
oscillations, notable deviations emerge: for θa = 1◦,
the system exhibits instability, with a divergent signal,
whereas for θa = 8◦, after the transient phase, the sys-
tem reaches a new equilibrium position distinct from
zero.Note that, considering few approximations, Equa-
tion (12) can be written in a nonlinear Mathieu form,
which can be expressed as:

[
ε̇

ε̈

]
=

[
0 1

−β cos τ −c f

] [
ε

ε̇

]
+

[
0
Fext

]
(18)

where the external forcing term is given by:

Fext = I fx ϕ̇θa sin(ωr t)

with τ = ωr t −π/2 and β = mplpg. This formulation
explains the results just described, as it enables a deeper
analysis of the system’s stability regions, particularly
in identifying the conditions under which parametric
resonance and equilibrium shifts occur in the nonlinear
regime.

4.2 Free dynamics without energy extraction

The focus of this section is to explore the nonlinear
response of the system, subject to external prescribed
motion, without dissipation due to energy extraction.
The fully-nonlinear Simscape model is used hereafter.
Although the system is designed to be responsive to
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Fig. 6 Comparison of the ε time traces, according to the lin-
ear and nonlinear models, across different environmental condi-
tions. The comparison includes exclusive pitch excitation (top)

and combined equal pitch and roll parametric excitation (bot-
tom). Three excitation amplitudes are considered: 0.1◦ (left), 1◦
(middle), 8◦ (right)

rotations of the supporting structure around any arbi-
trary horizontal axis, only the rotation ϑ around the
y-axis has been considered for the following analy-
sis; this choice makes the presentation and analysis of
results simple and effective, while still being represen-
tative of the nonlinear phenomena under consideration
in this paper. Therefore, the consequent set of indepen-
dent variables is listed:

1. Period (T ) or frequency ( f = 1/T ) of the pre-
scribed pitch motion. Investigated ranges of peri-
ods are those of typical water waves: from 3 to 15
s [52].

2. Amplitude of the prescribed pitch motion: θa .
Investigated ranges of pitching amplitude are those
usually deemed reasonable, safe and feasible for
floating objects: from 4◦ to 16◦.

3. Damping at the PTO axis: cPT O . In Sect. 4.2, cPT O

is set to zero, while Sect. 4.3 explores the range
from zero to 2 ·104; the upper limit of this range has
been defined based on the results. Note that cPT O is
added on top of the small additional damping term
(c f ) that models the internal friction.

The main state variable for the analysis of the
dynamics of the system is the velocity of the rotation
at the PTO axis (ε̇). Fig. 7 presents an example of three
representative time series responses to harmonic pre-
scribed motions, with amplitude of 8◦ and frequencies
of 0.1 (top), 0.2 (middle), and 0.3 (bottom) Hz. Ini-
tial conditions are at rest (both amplitude and velocity
equal to zero), such that the time window of the sim-
ulation includes both the transient and the steady state
solution. Despite the prescribed motion is purely har-
monic (mono-chromatic), the response signal is clearly
richer, withmultiple frequencies concurring to the total
output. A periodic response is reached in the top and
bottom time traces, while the response at 0.2 Hz seems
to be chaotic. Alternating shadowed areas on the back-
ground are drawn at intervals equal to the period of the
prescribed motion, thus highlighting the single (top)
or double (bottom) periodicity of the output signal,
respectively at 0.1 Hz and 0.3 Hz. Finally, it is worth
noting that, when a periodic motion occurs, the tran-
sient response seems relatively short: about 2 excitation
periods for the 0.1 Hz time trace, about 6 excitation
periods for the 0.3 Hz, and lower than 20 s in general.
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Fig. 7 Time trace responses
to harmonic prescribed
motion with amplitude of
8◦, and frequency of 0.1
(top), 0.2 (middle), and 0.3
(bottom) Hz, with
cPT O = 0. Alternating
shadowed areas on the
background are drawn at
intervals equal to the period
of the prescribed motion
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In order to study the response of the system across
the whole range of frequencies of interest in a con-
tinuous way, a chirp signal is used as a prescribed
motion, i.e. a harmonic function with frequency lin-
early varying with time [53]. Note that realistic waves
would be panchromatic realizations of wave spectra
(e.g. Pierson-Moskowitz [54] or JONSWAP [55]; how-
ever, using chirp signals is a compact and efficient
way to investigate the response of a nonlinear dynam-
ical system, often used for system identification [56]
and experimental analysis [57]. Moreover, [58] shows
that the nonlinear dynamics and behavior described
via harmonic and chirp excitation is consistent and
representative of the actual response to more realistic
panchromatic waves; this is particularly true for float-
ing systems with relatively fast transient responses, as
the one considered in this paper (see Fig. 7), since the
mechanism is most responsive to the local frequency
content. This can be further verified, considering how
much responses to up- and down-chirp signals over-
lap: the instantaneous frequency of a chirp signal can
either increase or decrease, resulting in an up-chirp
or down-chirp, respectively; exploring both directions
of frequency variation allows for the identification of
potential coexisting solutions [59]. Nevertheless, in
order to properly appreciate the correct dynamics of the
response, the simulation time must be long enough to
ensure a slow and smooth modification of the instanta-

neous frequency; using a precautionary approach and
based on the expected chaotic behavior, a very long
simulation time is used, equal to 30,000 s, which is
2,000 times the longest period of 15 s and 10,000 times
the shortest period of 3 s. Since the length of the swept
wave periods is 12 s (from 3 s to 15 s, or vice versa),
which linearly changes during a long 30,000-second
window, it results that the rate of change of periods is
0.1 seconds every 250 seconds; this rate is effectively
very slow, considering that, for example, Fig. 7 shows a
transient response to harmonic waves elapsing withing
the first 20 seconds. This builds confidence that, indeed,
transient effects can be excluded from the analysis of
the response to chirp signals.

The time series of the response (ε̇) is processed to
extrapolate a sequence of response amplitudes (ε̇a),
defined as half the absolute value of the difference
between two consecutive extremes (peak or trough).
Similarly, a series of mean amplitudes (ε̇) can be com-
puted as the absolute value of the sum of two consec-
utive extremes.

Figure 8 shows the time sequence of response ampli-
tudes (ε̇a) subject to a down-chirp prescribed motions
with forcing amplitude of 8◦. The top graph of Fig. 8
shows ε̇m , which is ε̇ sampled at every local maxi-
mum of the exciting prescribed motion. It can be read-
ily noted that the central portion of the two graphs
presents a chaotic behavior, while the regions at the
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Fig. 8 Response to down-chirp pitch prescribed motion of
amplitude equal to 8◦: the top graph represents sampling at the
peaks of the chirp signal; the bottom graph represents consecu-
tive semi-distances between extremes (peaks of troughs); bottom
phase portraits represent the response to harmonic prescribed

motion at 0.1 Hz (left), 0.2 Hz (middle), and 0.3 Hz (right), with
the color of the line proportional to time and the red markers are
taken at the frequency of excitationwhen the response is periodic
(left and right plots)

lowest and highest frequencies have 1 and 2 branches
of ε̇m , respectively. Transitions fromperiodic to chaotic
regimes seem abrupt; likewise, there are some jumps
also along the periodic branches, i.e. just below 0.3 Hz.

Note that the single branch of ε̇m corresponds to six
branches of ε̇a : while the number of branches of ε̇m
determines the periodicity of the response, ε̇a indicates
the smoothness of the power production; since they
can be both equivalently used to study the transition to
chaos, hereafter the focus is shifted on ε̇a only, which
can also be used to identify regimes of oscillation or
rotation, if combined with ε̇ (see later in the section).

Up- and down-chirps are compared in Fig. 9: small
differences are found between the responses to up- and

down-chirps, mostly within the shaded region up to
0.3 Hz. This substantial lack of significant hysteresis
phenomena has been remarked also with other ampli-
tudes of prescribed motion; therefore, all other results
hereafter are obtained with up-chirp signals only.

Figure 8 also highlights the response to long har-
monic prescribed motion at three representative fre-
quencies in the phase plane: at 0.1 Hz (bottom-left),
0.2 Hz (bottom-center), and 0.3 Hz (bottom-right). In
particular, since the response at 0.1 Hz and 0.3 Hz is
periodic, phase plots are presented, with the color gra-
dient proportional to time; moreover, these Poincaré
maps include a red circular marker at each period
of the exciting motion: consistently with the time
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Fig. 9 Response to up- and
down-chirp pitch prescribed
motion of amplitude equal
to 8◦: the green shadowed
area highlights when (small)
differences are found
between the two responses

traces of Fig. 7, period doubling is found at 0.3 Hz,
while the response at 0.1 Hz preserves the excitation
period; multiple harmonics are also evident from the
deformed shape of the phase plot. Focusing on the
chaotic response at 0.2 Hz, the bottom-center phase
plot presents a stroboscopic map across the entirety of
the time trace; plotting one marker sampled at each
excitation period, a classic strange attractor is found.

The effect of the amplitude of the external forcing
is also considered, since it is to be expected that non-
linearities are strongly dependent on the magnitude of
both the prescribed motion and the system’s response.
Fig. 10 groups together several response amplitudes
(ε̇a) to up-chirp signals with constant amplitude, rang-
ing from 4 to 16 degrees, with 1 degree increase; the
color gradient is proportional to θa . Two main regions
of apparently chaotic motion can be remarked, whose
boundaries shift to higher frequencies as the forcing
amplitude increases; similarly, the region of periodic
motion in between the chaos regions appears to increase
in size as the forcing amplitude increases, suggesting
that the driving motion becomes able to override the
chaotic motion of the system. Finally, the number of
branches of the periodic region seem to change, accord-
ing to the amplitude and frequency of the excitation
motion; notably, for the smallest amplitudes of 4◦ and
5◦, a single branch can be appreciated at the highest

Fig. 10 Multiple free responses (cPT O = 0) subject to up-chirp
prescribed motions of constant amplitude, ranging from 4 to 16
degrees. The color gradient is proportional to θa

frequencies, with a bifurcation into 4 branches at lower
frequencies.

A clearer picture of the chaotic regions and the num-
ber of branches is produced in Fig. 11, which is built
upon the time series of ε̇a shown in Fig. 10. For every
i-th point in the time series (pi ), the following point
is sought that lies on the same branch, such that the
relative difference between pi+N and pi is lower than
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Fig. 11 Number of branches of the time series plotted in Fig. 10.
The region is defined chaotic if the number of branches is more
than 16

0.5%; once this condition is found, it is further veri-
fied with pi+2N and pi+3N , to confirm that the number
of branches at the i-th frequency is indeed N . Note
that this approach has been defined to be robust to
abrupt changes of regimes as well as chaotic regions.
Fig. 11 shows the results of this analysis, with seem-
ingly chaotic regions identified when the number of
branches is higher than 16. It should be noted that the
presence of a large number of branches, correspond-
ing to local maxima, does not necessarily imply that
a motion is chaotic. Additionally, the threshold of 16
branches is arbitrary. Nevertheless, numerical results
show that the chosen threshold of 16 is a good represen-
tation of the passage from a small number of branches
to a very large number of branches; therefore, a larger
threshold number would provide results with negligi-
ble quantitative differences. Additionally, although no
rigorous analysis of the chaotic nature of the motion
was performed, such as Lyapunov exponent analysis or
fractal dimension of the attractors, the visual inspec-
tion of some of the attractors, like the one in Fig. 8
bottom-middle panel, clearly suggests that the motions
are indeed chaotic. Furthermore, from an engineering
perspective, a seemingly chaotic motion and a rigor-
ously chaotic motion are practically equivalent, which
suggests that the used methodology is appropriate.

Figure 11 highlights that there is a small region with
a single branch, namely at low amplitude and high fre-
quency; an even smaller region of 4 branches appears
instead at the highest amplitude and smallest frequency.

The largest region of periodic solutions has 8 branches;
its width increases as the frequency increases, since its
highest boundary is steeper than the lowest. Interest-
ingly, both boundaries show a sawtooth profile; how-
ever, while the width of the steps is constant for the
lower boundary, it is variable for the upper boundary,
with the teeth of the periodic region becoming wider
at the expenses of the upper chaotic region as the fre-
quency increases. Finally, the lower and wider chaotic
region shows localized areas with periodic solution at
high number of branches.

The analysis of chaotic, and especially rotational and
oscillatory regimes, are most relevant for the energy
harvesting capability of the system. Sect. 4.3 and results
therein are specifically addressing this topic.

4.3 Damped dynamics with energy extraction

Section 4.2 confirms the presence of interesting regions
of the free response of the mechanism, namely where
a sustained periodic motion has the potential to pro-
vide a predictable source of mechanical energy to be
extracted. The current section has the objective to intro-
duce the damping action of the PTO system, essen-
tial for power extraction, and verify how it affects the
resulting dynamics. To do so in a compact and com-
putationally efficient way, for each harmonic motion
prescribed, a long-time simulation has been performed
with cPT O linearly and slowly varying with time along
a constant slope. Results are shown in Fig. 12, consid-
ering a forcing amplitude of 8◦.

The red line in the top graph of Fig. 12 shows the set
of optimal cPT O such that the mean power (P) is max-
imized. Since the variations of the instantaneous power
follow the same periodicity of ε̇, including the case of
chaotic motions, the mean power to be maximized is
defined as the moving average across a window large
enough to appreciate the potentially complex dynamics
of the system; this moving time window has been cho-
sen to be 24 times the forcing period T , in order to be an
integer multiple of superharmonics up to the 8th order.
The resulting optimal cPT O decreases with larger forc-
ing periods. The top graph of Fig. 12 also differentiates
the regions of pure rotation (where the velocity never
changes sign) from the regions of oscillations (where
the velocity systematically alternates sign, regardless
of the periodicity).
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Fig. 12 Response to harmonic prescribed motion of period T
and amplitude equal to 8◦. The top graph shows the optimal
cPT O generating the highest power extraction, as well as regions
of oscillation and pure rotations. Middle and bottom phase plots
show examples of oscillation and rotation, respectively, with
color gradient proportional to time and red marker sampled at
the forcing period

It can be remarked that the optimal power extraction
is always found in the region of pure rotation: since ε̇

never changes sign, the instantaneous power is never
zero, hence favoring a higher P; conversely, in a oscilla-
tion regime, the instantaneous power systematically is
zerowhen ε̇ changes sign. The favourability of the rota-
tion regime is also found in systems like the paramet-
ric pendulum [49]. The center and bottom phase plots
of Fig. 12 show representative examples of oscillation
and rotation regimes, respectively, for close choices of
cPT O . Finally, it is worth noting that, in the top graph
of Fig. 12, the rotation region gradually shrinks as the
forcing period increases, making the choice of cPT O

more sensitive, thereby highlighting potential robust-
ness issue of the control action.

While the focus of this analysis is on maximizing
energy extraction, it is crucial to acknowledge the prac-
tical implications regarding mechanical wear and sys-
tem longevity. Optimal power production in rotational
regimes, where the PTOvelocitymaintains a consistent
sign, suggests continuous operation of the power take-
off and bearing components. This continuous motion,
while maximizing power output, may induce consis-
tent stresses on bearings and other mechanical compo-
nents over extended periods. Conversely, in oscillatory
regimes, where the velocity systematically changes
sign, the instantaneous power becomes zero at velocity
reversals. While leading to intermittent power extrac-
tion, such alternating motion can subject the system
to repetitive loads and frequent reversals of direction.
These dynamic reversals can accelerate wear on spe-
cific components and potentially lead to higher fatigue,
particularly exacerbated by potential stick-slip friction
due to improper lubrication. Therefore, a comprehen-
sive design and optimization strategy for such wave
energy converters must consider a trade-off between
maximizing instantaneous or average power output and
ensuring the long-term mechanical integrity and lifes-
pan of the system. Future experimental work and full-
scale prototype development will be essential to quan-
tify these wear mechanisms and inform the selection
of optimal PTO damping not only for maximum power
but also for enhanced robustness and cost-effectiveness
over the device’s operational lifetime.

A closer look to the actual response to a prescribed
harmonic motion with slowly-varying cPT O is pro-
vided in Fig. 13, considering the example of forcing
amplitude of 8◦ and period of 5 s. The top and cen-
ter graph show the amplitude (ε̇a) and mean (ε̇) of ε̇,
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Fig. 13 Response to
prescribed harmonic motion
with θa of 8◦ and T of 5 s,
with cPT O linearly
changing with time. The top
and center graph show the
amplitude and mean of ε̇,
respectively. The bottom
graph shows the maxima,
minima and moving average
power. In all graphs, the
area of rotation is
shadowed, determined
where the minima of the
minima of the power are
strictly greater than zero, or
alternatively where ε̇a ≤ ε̇

respectively. The unloaded response with no external
damping (cPT O = 0) is chaotic, and remains so until
about 2,000 Nms/rad, apart from a narrow window of
periodicity. Beyond 2,000 Nms/rad, a large periodic
region is found, firstly with 4 branches, then with a
single branch. Moreover, a regime of rotation can be
identified at the single branch, since ε̇a ≤ ε̇, which is
the most convenient regime for power extraction. This
result confirms that a chaotic region in the unloaded
response (as analyzed in Sect. 4.2) can become periodic
when the proper external action is applied; this could be
a constant damping coefficient, as in this case, or amore
elaborate external control action, purposely designed

to maximise energy extraction. However, it is interest-
ing to note that further increasing the damping action
of the PTO leads the system back to chaos, specif-
ically between 6,000 and 8,000 Nms/rad; this result
serves as a warning and a reminder that just increasing
the damping may not be an effective action to avoid
a chaotic regime. Moreover, the jump from periodic to
chaotic regimes, happening at 6,000Nms/rad, is sudden
and abrupt, highlighting potential robustness issues.
Finally, beyond 8,000 Nms/rad the system becomes
periodic once again, until the damping action is so large
to completely limit the rotation.
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The bottom graph of Fig. 13 shows the resulting
power extracted by the PTO, highlighting the max-
ima, minima, and moving average. Clearly starting
from zero, when cPT O is also 0, the maximum power
increases until about 8,000 Nms/rad, and then drops
back to zero when the damping is too high. The min-
ima of the power are always equal to zero, when there is
an oscillation regime, since the velocity systematically
becomes zero as it changes sign; conversely, it is greater
than zerowhen there is a rotation regime, as highlighted
in Fig. 13. The moving average is smooth in the region
of periodic motion, either oscillation of rotation; how-
ever, it becomes erratic within the regions of chaos.
Therefore, although the maxima in the chaos region
may be similar to the neighboring periodic region (e.g.,
around 6,000 Nms/rad), the consequent moving aver-
age is much lower; this result is a clear remark that the
chaotic region is not favorable for energy harvesting,
despite localized peaks of high power conversion. Hav-
ing a periodic solution with multiple branches (e.g., at
3,000 Nms/rad) seems to cause a smaller, although not
negligible, jump in the mean power conversion, which
ismainly caused by the shift fromoscillation to rotation
regime. Finally, it is interesting to notice that the opti-
mal cPT O overall is just below 6,000 Nms/rad, within
the rotation region but close to the boundary with the
chaotic region; the abrupt change of regime and mean
power conversion raises a further concern on the sensi-
tivity to the control parameter cPT O . In this respect,
we note that several previous studies already high-
lighted that chaotic motions generally are less effec-
tive than periodic ones for energy harvesting [60,61],
mostly because of the lower average vibration ampli-
tude. Other technical issues for energy harvesting from
chaotic motions are mainly related to their broad-
spectrum motion and irregular behavior.

Analysis similar to Figs. 12 and 13 are performed
for all forcing amplitudes. The resulting maximum
achievable mean power in response to harmonic pre-
scribed motion, and the related optimal cPT O param-
eter, are shown in Fig. 14. Both P and cPT O increase
for lower forcing periods and higher forcing ampli-
tudes. The range of optimal values of cPT O is rela-
tively narrow, with apparently smooth changes across
the domain; conversely, the mean power shows steeper
changes, with a relatively small region having values
close to the global maximum. This result suggests the
need for a holistic optimization of the system’s parame-
ters to match the frequencies of interest; however, such

an optimization lies beyond the scope of this paper,
which is to study the nonlinear dynamics of the mech-
anism and to verify its underlying potential for energy
harvesting.

5 Conclusions

This paper has analyzed the nonlinear dynamics of
a mechanism for energy harvesting, composed of a
flywheel with horizontal axis excited by prescribed
motions in the pitching degree of freedom. The paper
has presented and compared both a block-based and an
analytical Lagrangian model with quasi-coordinates.
The primary objective has been to describe both the free
(undamped) and damped regions of motion in order to
assess the potential for power conversion. The paper
demonstrates the presence of both chaotic and peri-
odic solutions, subject to different environmental con-
ditions (prescribed motion amplitude and frequency)
and tuning parameters (damping of the power take-
off system). On the one hand, periodic solutions, and
evenmore rotational solutions, are found to be themost
promising for energy harvesting; on the other hand, the
demonstrated sensitivity to design and control param-
eters lays the foundation for further work on holis-
tic design [62] and optimal control [63]. A notable
result highlighted in this paper is the sensitivity issue
of the optimal parameters and the consequent abrupt
changes of performance at the boundaries of periodic
and chaotic regions, which may pose a peculiar chal-
lenge to both optimization design and control [64]. Fur-
thermore, results presented in this paper must be fur-
ther corroborated by including flywheel and bearings
losses, mechanical coupling between the inertial mech-
anism and the hosting structure [65], aswell as the anal-
ysis of more realistic panchromatic external excitation
[66], whichmay, in principle,modify the onset of insta-
bility and chaos [58]. Finally, experimental validation
at prototype level is required to validate the numerical
results. In the small-scale prototyping phase, particular
care should be taken on the relatively higher importance
of friction, as well as smaller time-scales for actuation
and control; furthermore, the dry-test research infras-
tructure should be able, in hardware-in-the-loop, to pre-
scribemotion inmultiple degrees of freedom, e.g. using
a multi-axis hexapod or Stewart platform.
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Fig. 14 Maximum mean
power (top) and related
optimal cPT O (bottom) for
every harmonic motion
prescribed
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